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Plan

� Wzrost bakterii

� Ekspresja genów

� Regulacja transkrypcji

� Proste modele matematyczne



Wzrost bakterii

� Bakterie E. coli wykorzystują glukozę jako źródło
węgla i energii.

� Gdy brakuje glukozy - mogą wykorzystywać laktozę.

diauxic growth - Monod (1940)



Regulacja ekspresji genów u bakterii

� Gdy w pożywce jest obecna laktoza bakterie wyt-
warzają znaczne ilości enzymu β-galaktozydazy.

� Obserwuje się wtedy też zwiększoną syntezę dwóch
innych białek: permeazy i transacetylazy.

� β-galaktozydaza hydrolizuje laktozę do galaktozy i
glukozy; permeaza reguluje transport laktozy przez
błonę komórkową.

� Gdy brak laktozy powstaje tylko kilka molekuł każdego
z enzymów.
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Regulacja transkrypcji

gen strukturymiejsca kontrolne

� gen struktury - fragment DNA kodujący białko;

� miejsca kontrolne - miejsca wiążące polimerazę RNA
(promotory) czy białka regulatorowe (operatory);

� białka regulatorowe rozpoznające miejsca kontrolne:
aktywator stymuluje transkrypcję genu struktury,
represor blokuje inicjację transkrypcji genu struktury.



Ekspresja konstytutywna (bez regulacji)

Gen kodujący białko podlega ekspresji cały czas

gen
transkrypcja−−−−−−→ mRNA

translacja−−−−−→ białko

Najprostszy model:

transkrypcja jest reakcją zerowego rzędu,

translacja - reakcją pierwszego rzędu,

mRNA oraz białko podlegają degradacji (rozpadowi)
zgodnie z reakcją pierwszego rzędu.



Reakcje chemiczne - równania kinetyczne

Prawo działania mas:
szybkość reakcji jest wprost proporcjonalna do iloczynu
stężeń substancji reagujących.

Powstawanie i degradacja mRNA (M):

G
βM−⇀ G +M, M

γM−⇀ ∅.

Powstawanie i degradacja białka (B):

M
βB−⇀M + B, B

γB−⇀ ∅

d [M]

dt
= βM − γM[M],

d [B]

dt
= βB[B]− γB[B].



Ekspresja konstytutywna
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Ekspresja konstytutywna

Szukamy rozwiązań stacjonarnych
d [M]

dt
= βM − γM[M],

d [B]

dt
= βBM − γB[B],

rozwiązując
d [M]

dt
= 0,

d [B]

dt
= 0.

Wszystkie rozwiązania nieujemne są zbieżne do rozwiązań
stacjonarnych

M∗ =
βM

γM
, B∗ =

βB

γB
M∗.



Reakcje chemiczne - łańcuchy Markowa

M(t) - ilość cząsteczek mRNA w chwili t

Pr(M(t + ∆t) = m + 1|M(t) = m) = βM∆t + o(∆t)

Pr(M(t + ∆t) = m − 1|M(t) = m) = γMm∆t + +o(∆t)

Pr(M(t + ∆t) = m|M(t) = m) = 1− (γMm + βM)∆t + o(∆t)

Pr(M(t + ∆t) = m + k|M(t) = m) = o(∆t), |k| > 1.

Jak wygląda rozkład M(t)?

Wyznaczamy równanie na P1(m, t) = Pr(M(t) = m).



Reakcje chemiczne - łańcuchy Markowa

Pr(M(t + ∆t) = m)

=
∑
k

Pr(M(t + ∆t) = m|M(t) = k) Pr(M(t) = k)

m
βM−→ m + 1, m

γMm−−→ m − 1,

P1(m, t + ∆t) = (1− (γMm + βM)∆t)P1(m, t)

+ γM(m + 1)∆tP1(m + 1, t) + βM∆tP1(m − 1, t) + o(∆t)



Procesy urodzin i śmierci

d

dt
P1(m, t) =γM(m + 1)P1(m + 1, t)− γMmP1(m, t),

+ βMP1(m − 1, t)− βMP1(m, t)

0 1 . . . i i + 1 . . .

λ0 λ1 λi λi+1

µ1 µi µi+1

Powstawanie i degradacja mRNA (M(t)): proces urodzin
i śmierci z intensywnościami λm = βM, µm = γMm.



Degradacja mRNA

βM = 0 t 7→ M(t) i t 7→ [M](t),
d [M]

dt
= −γM[M]
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Degradacja mRNA

E(M(t)) =

∞∑
m=0

mPr(M(t) = m)

d

dt
Pr(M(t) = m) = γM(m + 1) Pr(M(t) = m + 1)

− γMmPr(M(t) = m)

d

dt
E(M(t)) =

∞∑
m=0

γM(m + 1)2 Pr(M(t) = m + 1)

−
∞∑
m=0

γM(m + 1) Pr(M(t) = m + 1)−
∞∑
m=0

γMm
2 Pr(M(t) = m)



Ekspresja konstytutywna - łańcuch
Markowa

m
βM−→ m + 1, m

γMm−−→ m − 1,

n
βBm−−→ n + 1, n

γBn−−→ n − 1.

Wtedy P (m, n, t) = Pr(M(t) = m,B(t) = n) spełnia

d

dt
P (m, n, t) =γM(m + 1)P (m + 1, n, t)− γMmP (m, n, t)

+ βMP (m − 1, n, t)− βMP (m, n, t)

+ γB(n + 1)P (m, n + 1, t)− γBnP (m, n, t)

+ βBmP (m, n − 1, t)− βBmP (m, n, t)



Ekspresja konstytutywna - łańcuch
Markowa

Istnieje jedyny rozkład stacjonarny P ∗(m, n)

Pr(M(t) = m,B(t) = n) −→ P ∗(m, n), t →∞.

Rozkład stacjonarny mRNA jest rozkładem Poissona z
parametrem ρ = βM/γM:

Pr(M(t) = m) −→
ρm

m!
e−ρ.

Wartości oczekiwane spełniają równania kinetyczne

E(M(t)) = [M](t) oraz E(B(t)) = [B](t).



Ekspresja regulowana (autorepresja)

Ekspresja genu regulowana przez kodowane białko

G M
βM γM

γB
B

βB

∅

∅

d [M]

dt
= βM[G]− γM[M],

d [B]

dt
= βB[M]− γB[B],

gdzie

[G] = ϕ([B]) = β
[O]

[O]tot
, [O]tot = [O] + [OB],

O - operator, OB - do operatora przyłączone białko.



Ekspresja regulowana

Zmieniamy zmienne ([M], [B]) na (x1, x2) tak aby

dx1

dt
= γx1

(
κd f (x2)− x1

)
,

dx2

dt
= γx2(x1 − x2),

gdzie γx1, γx2, κd > 0 oraz

f (x) =
1 + xn

Λ + ∆xn
, (Λ < ∆ autorepresja)

Rozwiązanie stacjonarne jest rozwiązaniem równania

x2 = x1, x1 = κd f (x2).



Istnienie rozwiązań stacjonarnych
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Istnienie rozwiązań stacjonarnych
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Transkrypcyjny/translacyjny bursting

Eksperymentalnie zaobserwowano, że

� DNA/mRNA podlega transkrypcji/translacji w sposób
nieciągły,

perimentally measured this abundance to be

4.1 T 1.8 molecules per cell by counting the

molecules in È300 individual cells under the

microscope at the same time.

Lastly, the temporal spread of the expres-

sion bursts can be characterized from the auto-

correlation function of the fluctuation in protein

expression, C(2)(t) (Fig. 4C), averaged from 30

different cell lineages from 15 different movies.

The single exponential fit of C(2)(t) gives a decay
time constant of 7.0 T 2.5 min, corresponding to

the average spread of the stochastic arrival times

of fluorescent reporter proteins within a burst,

despite the fact that the polypeptides are gen-

erated within the short lifetime of an mRNA

(t
mRNA

0 1.5 min). We show (SOM Text) that,

under the condition that there is one rate-limiting

step for the posttranslation assembly of the fusion

protein,

Cð2ÞðtÞ 0
�

sr
1 j r

�2�
1 þ k

s
expðjktÞ

�

ð2Þ

where s is the average rate of the expression burst

and k is the rate constant of Tsr-Venus assembly

process, consisting of transcription, translation,

folding, and chromophore maturation. The fitting

of Fig. 4C with Eq. 2 gives s 0 (29 T 8 min)j1,

in agreement with the average number of expres-

sion bursts per cell cycle of 1.2 T 0.3 (Fig. 4A);

r 0 0.7 T 0.1, consistent with the value of 0.8 T
0.1 determined from Fig. 4B; and 1/k 0 7.0 T
2.5 min, corresponding to the rate-limiting step

of the protein assembly process. Considering the

fast transcription (È45 bases/s) and translation

(È15 residues/s) rates, we tentatively assign 1/k
to the fluorophore maturation process (SOM

Text). Although we can only spatially resolve a

few molecules within an E. coli cell because

of the diffraction limit, the long spread of the

stochastic arrival times of Venus allows many

more protein molecules per expression burst to

be counted in several consecutive images.
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Fig. 4. Statistical analyses of the protein production time traces. (A) His-
togram (gray bars) of the number of expression events per cell cycle. The
data fit well to a Poisson distribution (solid line) with an average of 1.2
gene expression burst per cell cycle. (B) Distribution of the number of flu-
orescent protein molecules detected in each gene expression burst, which
follows a geometric distribution (solid line), giving a probability of ribosome

binding of 0.81 T 0.05 and an average number of molecules per burst of
4.2. (C) Autocorrelation function of the protein production time traces cal-
culated according to Eq. S9. The result is averaged from 30 individual cell
lineages because of the insufficient statistics of a single time trace. The
fitting to Eq. 2 (solid line) gives 1/k 0 7.0 T 2.5 min, which is attributed to
posttranslational assembly of the fluorescent fusion protein.

Fig. 3. Real-time monitoring of the expression of tsr-venus under the control of repressed lac promoter.
(A) Sequence of fluorescent images (yellow) overlaid with simultaneous DIC images (gray) of E. coli cells
expressing Tsr-Venus on agarose gel pad of M9 medium. The cell cycle is 55 T 10 min in a temperature-
controlled chamber on a microscope stage. The eight frames are from time-lapse fluorescence movie S1
taken over 195 min with 100-ms laser exposures (0.3 kW/cm2) every 3 min. An 1100-ms exposure is
applied after each image collection to photobleach the Venus fluorophores. (B) Time traces of the
expression of Tsr-Venus protein molecules (left) along three particular cell lineages (right) extracted from
the time-lapse fluorescence-DIC movie of (A). The time resolution is 3 min. The vertical axis is the number
of protein molecules newly synthesized during the last three minutes. The dotted lines mark the cell
division times. The time traces show that protein production occurs in random bursts, within which
variable numbers of protein molecules are generated. Each gene expression burst lasts È3 to 15 min.
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be increased when many copies of a transcript
are made in short-lived transcription windows
(Fig. 1), creating random bursts of synthesis. A
great variety of scenarios is possible, but the
stochastic properties of individual gene expres-
sion events have only been measured in a few
simple systems (10, 11), and the molecular mech-
anisms are not sufficiently characterized to predict
specific burst or waiting-time statistics. Because
gestation and bursting can decrease and increase
fluctuations in gene expression, respectively, their
combined effect is also hard to intuit. However, it
is possible to collectively understand such com-
plex mechanisms by mathematically analyzing
families of processes. Here, we consider a cell
with m molecules of an mRNA and p molecules
of the protein and make two generalizations with
respect to previous analyses: We allow transcripts
to effectively be made both in arbitrary indepen-
dent bursts of b molecules (m→mþ b) and at
arbitrary independent time intervals T (Fig. 1),
where T and b vary randomly. To understand how
different types of transcription statistics affect
single-cell protein fluctuations, we evaluate these
assumptions in the context of a standard model
(14, 15), where translation ( p → pþ 1) occurs
with a constant probability per second per tran-
script, and where both molecules decay (m→m−1,
p→ p − 1) exponentially with average lifetimes
tm and tp. Similar models have been suggested
for gene activation (6, 16, 17) and many other
processes, but as with the earlier gene expres-
sion model, these have not considered gener-
alized burst or waiting-time distributions. Basic
tools from probability theory (18) can then be
used to show that the stationary variance in pro-
tein abundance—the most commonly reported
noise measure in the experimental literature—is
insensitive to the shapes of the distributions for b
and T (Fig. 2) and approximately follows

s2p
〈p〉2

≈
1

〈 p〉

flow-copy noise

þ

mRNA noisef
〈b〉ðs2T=〈T 〉2 þ s

2

b =〈b〉
2Þ þ 1

2

coarse graining

g � 1

〈m〉
� tm
tm þ tpg

ð1Þ

where 〈:::〉 and s denote averages and SDs, re-
spectively. The equation is exact for exponential
time intervals and is an excellent approximation
for many types of strongly nonexponential times
but breaks down when large and narrowly distrib-
uted bursts occur at precise time intervals [(19)
and (Fig. 2)]. At low average protein abundances
〈 p〉, relative protein levels spontaneously fluctuate
because each random birth and death of a protein
then has a larger relative effect on the total. The
simplicity of this low-copy noise term reflects the

assumption of individual protein molecules being
produced and degraded at exponential time inter-
vals. Because mRNAs determine the rate of pro-
tein synthesis, proteins also inherit noise from
mRNAs. The mRNA noise, in turn, depends on
the average mRNA abundance 〈m〉 and the burst
and waiting-time statistics. Because the protein
level cannot immediately adjust to changes in the
protein synthesis rate, proteins effectively take a
time average of a series of mRNA fluctuations
and 0 < tm=ðtm þ tpÞ < 1.

Equation 1 is related to a previous analysis in
which we similarly considered a model for sto-
chastic gene expression and used it to reinterpret
experiments (19). That model used fluctuation-
dissipation relations to generalize the concentration-
dependent tendencies to return to an average, while
assuming simple exponential waiting times be-

tween events. Here, we took the opposite approach
and generalized the randomness of the individual
events, while assuming simple average dynamics.

The different parts of Eq. 1 represent qual-
itatively different aspects of random processes.
The overall topology of the reaction network
determines which components produce fluctua-
tions, which are captured by 〈p〉 or 〈m〉. The
connections between the chemical species in the
network, in turn, determine the average amplifica-
tion or suppression of fluctuations: effects that can
be understood from deterministic analyses in which
one component adjusts to another (17), which is
captured by the time-averaging factor. Finally,
the dynamics of how fluctuations are generated—
the most central aspect of stochasticity—are
captured by the bursts and waiting times in the
coarse-graining factor. Most studies overlook

Fig. 1. (A) Generalized birth process where molecules are made in random bursts of b molecules at
random time intervals T, where each b and T is independent, as for the mRNAs in Eq. 1. (B) Simplified
sketch of polymerase II (Pol II)–mediated transcription in S. cerevisiae. Transcription factor TFIID binds
DNA and is stabilized by TFIIA, which is followed by TFIIB. This complex then recruits Pol II, a Mediator,
and TFIIF, after which TFIIE and TFIIH bind. Upon transcription initiation, Pol II, TFIIB, and TFIIF are
released, but the rest of the complex remains, facilitating rapid reinitiation. Depending on parameters,
this process can repeat and produce an effective burst of b transcripts, until the entire complex falls off
the DNA and has to be reassembled, requiring a time T. The cartoon illustrates a roughly irreversible
progression, which requires energy consumption, but the mathematical analysis allows for any
distribution of waiting times T between transcription events.

Fig. 2. Random intervals T be-
tween transcription events and
their effect on protein fluctuations.
Noise versus average in protein
abundance for varying rates of
transcription is shown. Curves are
from Eq. 1 and symbols are from
exact simulations that sample T
from f(T ) in the inset. For a given
sT /〈T〉, the choice of f(T ) has no
effect on sp/〈p〉 despite the exotic
distributions used. The parameters
〈p〉/〈m〉 = 300 and tp/tm = 6
(19) are representative for many
genes, and near-perfect matches
are also observed over many or-
ders of magnitude in all parameters.
(Inset) Hypothetical probability den-
sities f(T), with gamma distributions (exponential for sT /〈T〉 = 1) in the top row and examples of
bimodal distributions (truncated sum of two Gaussians) in the bottom row, and with the same averages
and variances in each column.
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Transkrypcyjny/translacyjny bursting

� częstotliwość burstingu zależy od stężenia molekuł

� amplituda produkcji molekuł poprzez bursting ma
rozkład wykładniczy z gęstością

h(y) =
1

b
e−y/b,

gdzie b jest średnią wielkością ’burstów’

perimentally measured this abundance to be

4.1 T 1.8 molecules per cell by counting the

molecules in È300 individual cells under the

microscope at the same time.

Lastly, the temporal spread of the expres-

sion bursts can be characterized from the auto-

correlation function of the fluctuation in protein

expression, C(2)(t) (Fig. 4C), averaged from 30

different cell lineages from 15 different movies.

The single exponential fit of C(2)(t) gives a decay
time constant of 7.0 T 2.5 min, corresponding to

the average spread of the stochastic arrival times

of fluorescent reporter proteins within a burst,

despite the fact that the polypeptides are gen-

erated within the short lifetime of an mRNA

(t
mRNA

0 1.5 min). We show (SOM Text) that,

under the condition that there is one rate-limiting

step for the posttranslation assembly of the fusion

protein,

Cð2ÞðtÞ 0
�

sr
1 j r

�2�
1 þ k

s
expðjktÞ

�

ð2Þ

where s is the average rate of the expression burst

and k is the rate constant of Tsr-Venus assembly

process, consisting of transcription, translation,

folding, and chromophore maturation. The fitting

of Fig. 4C with Eq. 2 gives s 0 (29 T 8 min)j1,

in agreement with the average number of expres-

sion bursts per cell cycle of 1.2 T 0.3 (Fig. 4A);

r 0 0.7 T 0.1, consistent with the value of 0.8 T
0.1 determined from Fig. 4B; and 1/k 0 7.0 T
2.5 min, corresponding to the rate-limiting step

of the protein assembly process. Considering the

fast transcription (È45 bases/s) and translation

(È15 residues/s) rates, we tentatively assign 1/k
to the fluorophore maturation process (SOM

Text). Although we can only spatially resolve a

few molecules within an E. coli cell because

of the diffraction limit, the long spread of the

stochastic arrival times of Venus allows many

more protein molecules per expression burst to

be counted in several consecutive images.
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Fig. 4. Statistical analyses of the protein production time traces. (A) His-
togram (gray bars) of the number of expression events per cell cycle. The
data fit well to a Poisson distribution (solid line) with an average of 1.2
gene expression burst per cell cycle. (B) Distribution of the number of flu-
orescent protein molecules detected in each gene expression burst, which
follows a geometric distribution (solid line), giving a probability of ribosome

binding of 0.81 T 0.05 and an average number of molecules per burst of
4.2. (C) Autocorrelation function of the protein production time traces cal-
culated according to Eq. S9. The result is averaged from 30 individual cell
lineages because of the insufficient statistics of a single time trace. The
fitting to Eq. 2 (solid line) gives 1/k 0 7.0 T 2.5 min, which is attributed to
posttranslational assembly of the fluorescent fusion protein.

Fig. 3. Real-time monitoring of the expression of tsr-venus under the control of repressed lac promoter.
(A) Sequence of fluorescent images (yellow) overlaid with simultaneous DIC images (gray) of E. coli cells
expressing Tsr-Venus on agarose gel pad of M9 medium. The cell cycle is 55 T 10 min in a temperature-
controlled chamber on a microscope stage. The eight frames are from time-lapse fluorescence movie S1
taken over 195 min with 100-ms laser exposures (0.3 kW/cm2) every 3 min. An 1100-ms exposure is
applied after each image collection to photobleach the Venus fluorophores. (B) Time traces of the
expression of Tsr-Venus protein molecules (left) along three particular cell lineages (right) extracted from
the time-lapse fluorescence-DIC movie of (A). The time resolution is 3 min. The vertical axis is the number
of protein molecules newly synthesized during the last three minutes. The dotted lines mark the cell
division times. The time traces show that protein production occurs in random bursts, within which
variable numbers of protein molecules are generated. Each gene expression burst lasts È3 to 15 min.
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Dynamika z burstingiem

� Zastępujemy układ równań różniczkowych

dx1

dt
= γx1

(
κd f (x2)− x1

)
,

dx2

dt
= γx2(x1 − x2),

układem stochastycznym

dx1

dt
= −γx1x1 + Ξ(h, ϕ(x2)),

dx2

dt
= γx2(x1 − x2),

� Ξ(h, ϕ) jest skokowym procesem Markowa, w którym
skoki pojawiają sie z intensywnością ϕ = γx1κbf , ich
wielkość ma rozkład zgodny z gęstością h.



Dynamika z burstingiem

Transkrypcja następuje w losowych momentach t0 <

t1 < t2 < . . ., a pomiędzy nimi proces przebiega zgod-
nie z

dx1

dt
= −γx1x1,

dx2

dt
= γx2(x1 − x2).

t

x2x1

Pr(θ1 > x1) = e−x1/b

Pr(t1 − t0 > t) = e
−
∫ t

0
ϕ(x2(s))ds

t0 t1

θ1

t2

θ2



Model zredukownay - model Friedmana

� Tempo degradacji mRNA jest dużo większe niż białka.

� Wtedy x1 ≈ κd f (x2) i dwa równania

dx1

dt
= γx1

(
κd f (x2)− x1

)
,

dx2

dt
= γx2(x1 − x2),

redukujemy do jednego

dx

dt
= γ(κd f (x)− x),

� W obecności burstingu otrzymujemy

dx

dt
= −γx + Ξ(h, ϕ(x)), ϕ(x) = γκbf (x).



Model Friedmana

Białko podlega degradacji: x ′(t) = −γx(t);
powstaje w losowych momentach 0 < t1 < t2 < . . .;
częstotliwość powstawania białka ϕ(x) = γκbf (x).

Gęstość P (x, t) zmiennej losowej x(t) spełnia

∂P (x, t)

∂t
= γ

∂(xP (x, t))

∂x
− ϕ(x)P (x, t)

+

∫ x

0

ϕ(y)P (y, t)h(x − y)dy.



Model Friedmana - rozkład stacjonarny

Rozwiązanie stacjonarne P ∗(x) spełnia

d(γxP ∗(x))

dx
= ϕ(x)P ∗(x)−

∫ x

0

ϕ(y)P ∗(y)
1

b
e−(x−y)/bdy.

Po odcałkowaniu dostajemy

d(γxP ∗(x))

dx
= ϕ(x)P ∗(x)−

1

b
γxP ∗(x).

Rozwiązaniem jest

P ∗(x) =
1

γx
exp

∫ x (ϕ(y)

γy
−

1

b

)
dy.



Model Friedmana - rozkłady stacjonarne

Rozkład stacjonarny ma gęstość postaci

P∗(x) = Ce−x/bxκbΛ−1−1(Λ + ∆xn)θ, θ =
κb

n∆

(
1−

∆

Λ

)
,
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Model Friedmana - rozkłady stacjonarne

Rozkład stacjonarny ma gęstość postaci

P∗(x) = Ce−x/bxκbΛ−1−1(Λ + ∆xn)θ, θ =
κb

n∆

(
1−

∆

Λ

)
,
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Model dyskretny

� Dla x ∈ {0, 1, . . .} możliwe zmiany ilości molekuł są
postaci

x
ϕ(x)−−→ x + k, x

γ(x)−−→ x − 1,

� k jest wybrane losowo, niezależnie od aktualnej ilości
molekuł, zgodnie z rozkładem h = (h(k))k≥0, gdzie∑+∞

k=0 h(k) = 1, h(k) ≥ 0, k ≥ 0, h(0) = 0;

� γ(x), ϕ(x) są intensywnościami spełniającymi

ϕ(0) > 0, γ(0) = 0, γ(x) > 0, ϕ(x) ≥ 0, x = 1, 2, . . .



Model dyskretny

Niech P (x, t) będzie prawdopodobieństwem, że w chwili
t jest x cząsteczek białka. Wtedy

∂P (x, t)

∂t
= γ(x + 1)P (x + 1, t)− γ(x)P (x, t)− ϕ(x)P (x, t)

+

x∑
y=0

ϕ(y)P (y, t)h(x − y), x = 0, 1, . . .

Degradacja białka opisywana jest procesem śmierci z
intensywnościami γ(x), x = 0, 1, 2, . . ..



Model dyskretny

Załóżmy, że h jest rozkładem geometrycznym

h(k) = (1− q)qk−1, k = 1, 2, . . . , q ∈ (0, 1),

dyskretny odpowiednik rozkładu wykładniczego
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Model dyskretny - rozkłady stacjonarne

Rozkład stacjonarny P∗ = (P∗(x))x≥0 jest postaci

P∗(x) =
P∗(0)ϕ(0)

γ(x)

x−1∏
k=1

ϕ(k) + qγ(k)

γ(k)
, x = 1, 2, . . . .

Niech γ(x) = γx, x ≥ 1, z γ > 0 oraz

ϕ(x) = λ
1 + Θxn

Λ + ∆xn
,

gdzie λ,Θ,Λ,∆, n są stałymi.



Ujemny rozkład dwumianowy

P ∗(x) =
(r)x

x!
qx(1− q)r , x = 0, 1, . . . gdzie r =

λ

qγ

(r)x = r(r+1) . . . (r+x−1), (r)0 = 1, ϕ(x) = λ.
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Rozkład gamma - ujemny rozkład
dwumianowy
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Jakie rozkłady stacjonarne dla

Transkrypcja następuje w losowych momentach t0 <

t1 < t2 < . . ., a pomiędzy nimi proces przebiega zgod-
nie z

dx1

dt
= −γx1x1,

dx2

dt
= γx2(x1 − x2).

t

x2x1

Pr(θ1 > x1) = e−x1/b

Pr(t1 − t0 > t) = e
−
∫ t

0
ϕ(x2(s))ds

t0 t1

θ1

t2

θ2



Jakie rozkłady stacjonarne dla

Active
Promoter (Da)

mRNA (M)
Proteins (P)

kpkm

γm γp

Metabolites (R)

γr

Inactive
Promoter (Di)

k−
d

kr

k+
d

nD ∈ {0, 1}

0
k−
d

(1−nD)
−→ 1

1
k+
d
nDnR−→ 0

nM
kmnD−→ nM + 1

nM
γmnM−→ nM − 1

nP
kpnM−→ nP + 1

nP
γpnP−→ nP − 1

nR
krnP−→ nR + 1

nR
γrnR−→ nR − 1
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